We study the magnitude of zero-point vibration in one-component crystals. For the crystals whose constituent atoms share the same bonding geometry, we prove the existence of a characteristic temperature, T 0 , at which the magnitude of zero-point vibrations equals to that of the excited vibrations. Within the Debye model T 0 is found to be ~1/3 of the Debye temperature.
Introduction -Zero-point vibration (and the related zero-point energy) is one of the most remarkable effects predicted by quantum theory. A famous example is the ground state of the quantum harmonic oscillator, one of the few exactly solvable theoretical models for the Schrödinger equation. On the experimental side, one fact supporting the existence of zero-point vibration is the non-freezing behavior of liquid helium at ambient pressure when the temperature approaches the absolute zero (0 K). Another phenomenon serving as the evidence of zero-point energy is the Casimir effect [1] , which predicts the existence of a weak force between two parallel metallic plates, and is confirmed by experiments in recent decades [2] [3] [4] , though there is still some debate on the explanation of the origin of the force as zero-point energy in vacuum [5] .
Generally, it is a common sense that quantum phenomena such as zero-point vibration are significant mainly in physical systems operating at cryogenic temperatures near the absolute zero.
More recently, however, one optical experiment has reported room-temperature quantum entanglement in the atomic vibrations of two macroscopically separated diamond crystals, in which the atomic vibration at ground state, i.e., the zero-point vibration plays a key role [6] . This experiment indicates a way for detecting room-temperature quantum phenomena at diamondbased systems. Then, the problem is, in addition to diamond, what other systems may be the potential candidates for the playground of measuring macroscopic quantum phenomena at temperatures well above 0 K? Or, for a given system, how to measure the role of zero-point vibration in the total atomic vibrations at the temperature of interest?
In this work, we attempt to provide a generalized approach for characterizing the magnitude of zero-point vibration in one-component crystals (consisting of one type of atoms) as a function of temperature. Given that the bonding geometry of each atom is identical, we can show the existence of a characteristic temperature, T 0 , at which the atomic zero-point vibration and the excited vibrations are of the same magnitude. Below T 0 , zero-point vibration plays a dominant role. Within the Debye model, we are able to establish a simple relation that T 0 ~ 1/3 θ D , with θ D being the Debye temperature. Calculations based on first-principles show that, for the materials with a high Debye temperature, the zero-point vibration is important not only at low temperatures, but also at the room temperature. The physical conclusions of this paper derive from some mathematical results will be stated in the form of two theorems. The proofs for the theorems will be given in the appendix.
General Formalism -We consider a one-component crystal consisting of N primitive cells.
For the jth atom in the primitive cell, within the harmonic approximation, the displacement from its equilibrium position can be expressed as follows [7] : 
where the number of atoms per primitive cell is r, and j = 1, …, r.  is the reduced Planck constant; m is the mass of each atom; q is the wave vector in reciprocal space and R is the translational lattice vector denoting the position of the atom. The vibrational mode of the sth (s = The total MSD 2 () uj for each atom is contributed from all the vibrational modes and can be measured by the Debye-Waller factor (DWF) [8, 9] defined in X-ray diffraction [10] . In a canonical ensemble, the probability of finding the system at the eigenstate n of mode (q, s) is (2) for the jth atom in the primitive cell. Consequently, the total MSD is given by summing over all the vibrational modes: 
The total MSD can be decomposed into two terms: 
where the term , where r = 1 for crystals with monoatomic basis and r ≥ 2 for crystals with multiatomic basis. The corresponding MSD quantities are as follows: 
 
Realistic Applications -We go on to demonstrate the two theorems mentioned above in two realistic systems that satisfy the geometric condition: aluminum (Al) and diamond, whose primitive cell contains one and two atoms, respectively. The VDOS for each atom,
computed by using the program Quantum ESPRESSO [11], which is based on density functional perturbation theory (DFPT) [12] . The wave function of valence electrons is expanded 7 using a plane wave basis set with a kinetic energy cut-off of 20 Ry for Al and 27 Ry for diamond.
The ion-electron interactions are described by the von Barth-Car pseudopotentials [13] , and the exchange-correlation energies are described using the Perdew-Zunger functional [14] . For the calculation of electronic wave function, the Brillouin zone is sampled using a 20×20×20
Monkhorst-Pack k-mesh [15] . A 16×16×16 uniform q  -point grid is used for the calculation of dynamical matrices, which are then diagonalized to get the eigenfrequency ) (q   ( q  : wave vector). The dynamical matrices of denser q  -grids can be obtained by using interpolation method. Figure 1 shows the calculated VDOS of Al ( Fig. 1(a) ) and diamond ( Fig. 1(b) ), whose features compare well with experimental measurements (Al) [16] or previous theoretical works (diamond) [17] . The maximum frequency is Table I for both systems, with comparison to that from the literature [10] . One finds satisfactory agreement, despite the systematic deviation between the DFPT and Debye data lines, which is due to the different VDOS employed in calculation.
The values of T 0 imply that, the magnitude of zero-point vibration of both Al and diamond is not negligible even at room temperature. Indeed, at T = 298 K, the ratio
DFPT is ~ 20.6% for Al and ~ 86.5% for diamond. Considering the fact that thermal expansion is caused by the anharmonic motions of atoms [18] , and the small thermal expansion coefficients of both Al (~ 23 × 10 -6 /K) and diamond (~ 1 × 10 -6 /K) [17, 19] , the anharmonic contribution to the total MSD is negligible at room temperature and below. Therefore, the results regarding the contribution of zero-point vibration to total MSD should preserve, and for diamond zero-point vibration plays a dominant role at room temperature. This is consistent with the recent experimental work on diamond-based system [6] .
We have also performed calculations on a number of other elements whose crystals satisfy the geometric condition mentioned above. The corresponding values of T 0 for Be, Ti, Ta, and Pb are given in Table II [18] , T 0 will also be a high value.
Zero-point vibration in such systems will play a dominant role even at the room temperature. On the other hand, for most conventional superconducting elements whose superconductivity is mediated by electron-phonon interaction, e.g., the ones listed in Table II , the values of T 0 are well above the superconducting transition temperature T c . As seen in Table II for the electron-phonon interaction [20] . Though this scheme is intuitively reasonable, our work provides a solid theoretical justification for such approximation. University, for their continuous support of the SR11000 supercomputing facilities.
Concluding Remarks

APPENDIX A
To prove theorem 1, we first establish the following:
Lemma. -For a one-component crystal, if all the atoms share the same bonding geometry (geometric condition), then the square of modulus of each polarization vector is identical, that is:
where r is number of atoms per primitive cell, and j = 1, …, r.
Proof. -Atomic vibrations of a crystal can be studied within the primitive cell, by using the translational geometry. The vibrational properties are completely determined by the dynamical Proof of the theorem. -Under the geometric condition, it follows from Lemma that the MSD quantities for each atom can be expressed using uniform expressions as given by Eqs. (5)- (7) 
